An investigation on flow and heat transfer due to mixed convection, in a lid-driven rectangular cavity filled with Cuwater nanofluids and submitted to uniform heat flux along with its vertical short sides, has been conducted numerically by solving the full governing equations with the finite volume method and the SIMPLER algorithm. In the case of a slender enclosure, these equations are considerably reduced by using the parallel flow concept. Solutions, for the flow and temperature fields, and the heat transfer rate, have been obtained depending on the governing parameters, which are the Reynolds, the Richardson numbers and the solid volume fraction of nanoparticles. A perfect agreement has been found between the results of the two approaches for a wide range of the abovementioned parameters. It has been shown that at low and high Richardson numbers, the convection is ensured by lid and buoyancy-driven effects, respectively, whereas between these extremes, both mechanisms compete. Moreover, the addition of Cu-nanoparticles, into the pure water, has been seen enhancing and degrading heat transfer by lid and buoyancy-driven effects, respectively.
Introduction
Heat transfer in fluidic systems has often been the subject of ambitious research in order to enhance it considering its importance in several industrial processes. However, with conventional fluids, such as water and oil, whose thermal conductivity is inherently poor, heat transfer is limited, which is a crucial problem to challenge. Also, current design solutions already push available technology to its limits, and an innovative way should be taken. In such a context, Choi of Argonne National Laboratory [1] developed the novel concept of nanofluids as a route to improve the performances of heat transfer fluids currently available. This new class of advanced heat transfer fluids is engineered by dispersing solid nanoparticles (metallic, non-metallic or polymeric), smaller than 100 nm in diameter, in base fluids (aqueous or organic host liquids), which confers a large thermal conductivity on these ones and makes them potentially useful in engineering equipments involving heat transfer. To know about nanoparticles, nanofluids, their production and applications, see, for instance, the report of Yu et al. is currently available in [2] .
During the last decade, nanofluids have attracted lots of researchers, who are encouraged by their critical importance and promising role, as new advanced heat transfer fluids, to take up challenges. Therefore, numerous studies, on convection heat transfer, have been conducted, and most of them have dealt with forced convection, indicating that nanoparticle suspensions have unquestionably a great potential for heat transfer enhancement, as reported in a recent paper by Corcione [3] . In contrast, although the investigations concerned with buoyancy-driven convection are relatively few, they have seen a gradual increase lately, leading to contradictory findings, thus leaving still unanswered question, if the use of nanoparticle suspensions for natural convection applications is actually advantageous with respect to pure liquids [3] . At the same time, mixed convection has not received either less attention in view of the number of the related works recently done. Among them, flow and heat transfer problem in lid-driven cavities, which finds applications in industrial processes such as food processing, float glass production [4] , thermal-hydraulics of nuclear reactors [5] , dynamics of lakes [6] , crystal growth, flow and heat transfer in solar ponds [7] , lubrication technologies [8] and so on. The interaction of the shear driven flow due to the lid motion and natural convective flow due to the buoyancy effect are quite complex, which necessitates a comprehensive analysis to understand the physics of the resulting flow and heat transfer process. In this respect, different configurations and combinations of thermal and dynamical boundary conditions have been considered and analyzed by some investigators. The contributions can be divided in two cases:
1) Steady state case where all boundary conditions are time independent. In this regard, it is advisable to mention the work of Tiwari and Das [8] , who studied heat transfer enhancement in a nanofluid-filled square cavity, with the vertical sides moving and differentially heated, while the horizontal ones are insulated and motionless. Three situations, depending on the direction of the moving walls, were examined, and a model taking into account the solid volume fraction of nanoparticles was developed to analyze the nanofluids behavior. With only one uniformly moving wall, from left to right, first, it is to bring up the research of Abu-Nada and Chamkha [9] deal with mixed convection flow in an inclined square enclosure filled with a nanofluid. The left and right walls are kept insulated while the bottom and the moving top ones are maintained at constant cold and hot temperatures, respectively. It was found that significant heat transfer enhancement can be obtained due to the presence of nanoparticles and that this is accentuated by inclination of the enclosure at moderate and large Richardson numbers. Mahmoodi [10] investigated mixed convection fluid flow and heat transfer in rectangular enclosures filled with a nanofluid. The left and right walls as well as the top one are maintained at a constant cold temperature. The moving bottom is kept at a constant hot temperature. A parametric study was performed and the effects of the Richardson number, the aspect ratio of the enclosure and the volume fraction of the nanoparticles on the fluid flow and heat transfer were analysed. It was found that for the selected values of the Richardson number, the average Nusselt number increases with the nanoparticles volume fraction, and seems to be higher with tall enclosures than with shallow ones. In the case of a nanofluid-filled square cavity with cold sides, a partially heated (with constant heat flux heater) and insulated bottom, and a moving cold top, Mansour et al. [11] examined the effects of Reynolds number, type of nanofluids, size and location of the heater and the volume fraction of the nanoparticles in their study related to mixed convection. They observed that the heat transfer enhances with all the above mentioned parameters. Muthtamilselvan et al. [12] studied heat transfer enhancement of nanofluids in rectangular enclosures, where the moving top is at higher constant temperature than the bottom, whereas the left and right boundaries are insulated. They found that at higher aspect ratios, the heat transfer rate increases strongly with the nanoparticles volume fraction. Nemati et al. [13] investigated heat transfer performance of a moving top square cavity, filled with nanofluids and subject to different side wall temperatures. They reported that an increase of nanoparticles volume fraction enhances heat transfer, but such an effect reduces with the Reynolds number. As for Talebi et al. [14] , they conducted an investigation on mixed convection flows in a square liddriven cavity, having left and right sides heated and cooled, respectively, and moving top and bottom both adiabatic, utilizing nanofluids. These authors showed that, at given Rayleigh and Reynolds numbers, an increase of the nanoparticles concentration favours the flow and heat transfer. Finally, like Tiwari and Das [8] , Sheikhzadeh et al. [15] were interested in laminar mixed convection of a nano-fluid in two sided lid-driven enclosures. The moving left and right walls are maintained at constant cold and hot temperatures, respectively, while the horizontal ones are insulated. The effect of moving direction of walls on mixed convection is studied for various Richardson numbers, aspect ratios and nanoparticles volume fractions, and was found to affect mainly the flow field, temperature gradient and heat transfer. In addition, increasing the volume fraction of nanoparticles resulted in a linear increase of the average Nusselt number, as an index of heat transfer rate improvement, for all the considered cases.
2) Unsteady state case, where some boundary conditions are time dependent as in the only work done, in this subject, by Karimipour et al. [16] , where periodic mixed convection of a nanofluid inside a rectangular cavity, with insulted vertical sides and hot temperature bottom kept at rest and cold temperature top horizontally oscillating, was carried out. The effects of Richardson number and volume fraction of nanoparticles on the flow and thermal behaviour of the nanofluid were examined. It was observed that the best heat transfer is obtained with a Richardson number lower than unit and that the higher value of this parameter corresponds to the lower amplitude of the oscillation of the heat transfer rate in the steady periodic state. In addition, heat transfer was found to be improved by nanoparticles presence.
All the above mentioned studies are of numerical nature, using a finite volume method (for the most), a finite difference method or Lattice Boltzmann method to solve the governing equations and various single-phase models to describe effective conductivity and viscosity of the considered nanofluids, which are principally or Cu-water. 2 3 Al O To the best of our knowledge, the problem of mixed convection heat transfer of nanofluids in a lead-driven enclosure subject to Neumann boundary conditions for temperature (i.e. boundaries subject to heat fluxes) is not yet analyzed. So, in order to know more about the effect of the boundary conditions kind on flow and heat transfer within nanofluids, the present paper focuses on such a problem within a two-dimensional shallow rectangular enclosure, filled with Cu-water nanofluids, whose short vertical sides are submitted to uniform heat fluxes while the long horizontal ones are maintained adiabatic with the top moving in the opposite direction to the heat flux. A numerical solution of the full governing equations is obtained via a finite volume method. An analytical one, based on the parallel flow approximation, is also proposed. The results are presented, in terms of streamlines, isotherms, stream function and temperature profiles and heat transfer rates, and discussed for various values of the dimensionless parameters, controlling the problem, which are the Reynolds, Re, and Richardson, Ri, numbers, and the solid volume fraction of nanoparticles, Φ.
Mathematical Formulation
The studied configuration is sketched in Figure 1 . It is a shallow rectangular enclosure of height H  q and length , filled with Cu-water nanofluids. The long horizontal walls are adiabatic, while the vertical short ones are submitted to a uniform density of heat flux, . All these boundaries are rigid, impermeable and motionless apart from the top one which moves in its own plane from right to left at uniform velocity, 0 . The main assumptions made here are those commonly used, i.e.: The base fluid and the nanoparticles are in thermal equilibrium and they flow at the same velocity (i.e. no slip occurs between them or the nanoparticles are uniformly dispersed within the base fluid so that the resulting nanofluid can be considered a single-phase fluid).  The nanoparticles are spherical;  The nanofluid is Newtonian and incompressible;  The thermophysical properties of the considered nanofluids are constant (taken at the reference temperature, 0 T  ) except for the density in the buoyancy term (containing the gravitational acceleration, g), which obeys the Boussinesq approximation;  The flow is two-dimensional, laminar and steady;  The radiation heat transfer between the sides of the cavity is negligible when compared with the other mode of heat transfer. Therefore, the equations describing the conservation of mass (1), momentum (2) 
To close the problem, the following appropriate boundary conditions are applied: 0 and 0 for 0 and
0 and 0 for 0
To model the effective physical properties of the nanofluid, appearing in the above equations, the following formulas are used:
for the effective density, as shown in [2] ;
for the effective dynamic viscosity, which is due to Brinkman [2] ;
for the thermal expansion coefficient [17] ;
for the heat capacity [2] ;
for the effective thermal conductivity, due to MaxwellGarnett, which is a restriction of the Hamilton-Crosser model to spherical nanoparticles [2] ;
for the thermal diffusivity [18] . Note that the Subscripts f, nf and np stand for the base fluid, nanofluid and nanoparticles, respectively.
On the other hand, using the characteristic scales ,
, corresponding to length, pressure, time, velocity and temperature, respectively, the dimensionless governing equations and the corresponding boundary conditions are:
1 0 for 0 and
are parameters depending on Φ, according to models given above. In addition, to analysis the flow structure, the stream function, ψ, related to the velocity components via   and with 0 on all boundaries
The above equations let appears some dimensionless parameters that govern the problem, namely, the solid volume fraction Φ, the aspect ratio of the enclosure, A, the Peclet, Pe, Reynolds, Re, and Richardson, Ri, numbers. For the last four, the expressions are , a n d
are the Grashof, Prandtl and Rayleigh numbers, respectively. The local heat transfer, through the nanofluid-filled cavity, can be expressed in terms of the local Nusselt number defined as
where h is the heat exchange coefficient,
a characteristic temperature and
the side to side dimensionless local temperature difference. This definition is based on the thermal conductivity of the base fluid, f k , which seems logical since, according to Corcione [3] , Nu that would describe the thermal performance of the enclosure, with immediacy, should vary in the same manner as h and vice versa. However, Equation (25) is notoriously inaccurate owing to the uncertainty of the temperature values evaluated at the two vertical walls (edge effects). Instead, Nu is calculated on the basis of a temperature difference between two vertical sections, far from the end sides, as suggested by Lamsaadi et al. [19] . Thus, by analogy with Equation (25), and considering two infinitesimally close sections, Nu can be expressed by (18)- (20) Equations (14)-( have been solved by using a finite volume method and SIMPLER algorithm in a staggered uniform grid system [20] . A second order back-wards finite difference scheme has been employed to discretise the temporal terms appearing in Equations (15)- (17) . A line-by-line tridiagonal matrix algorithm with relaxation has been used in conjunction with iterations to solve the nonlinear discretised equations. The convergence has been considered as reached when
Numerics

17) associated with Equations
, where ,
stands for the value of u, v, p or T at the k th iteration level and grid location (i, j) in the plane (x, y). The mesh size has been chosen so that a best compromise between running time and accuracy of the results may be found. The procedure has been based on grid refinement until the numerical results agree, within reasonable accuracy, with the analytical ones, obtained from the parallel flow approach developed in the next section. Hence, as shown in Table 1 , a uniform grid size of 160  40 has been selected for 8 A  (value used for the numerical computations) and een estimated sufficient to model accurately the flow and temperature fields within the cavity. 
where C is unknown constant temperature gradient in the x-direction, are possible, which leads to the ordinary nondimensional governing equations: 
The expression of the stream function,
  ψ y , can be deduced by integration of Equation (21) nto acco nditi Eq 
whose solution, via Newton-Raphson method, for Pe, Ra and Φ, leads to C.
Finally, taking into account of Equations (26) and (27), the Nusselt number is constant and can be expressed as
Results and Discussion
With boundary conditions of Neumann kind (uniform heat flux imposed to vertical walls) the flow and thermal fields, and thermo-convective ch parallel, stratified and independent on the enclosure asthis parameter tends to aracteristics become pect ratio, A, respectively, when be large enough. In our situation, this has been occurred with 8 
tours of streamlines (left) and isotherms (right)
the flow is parallel to the horizontal boundaries and the temperature is linearly stratified in the horizontal direcen from Figure 2 mixed convection flow developed within the enclosure is governed only by four dimensionless parameters, namely, e, Ri, in accordance with Equations (22)- (24),  and are presented in Figures 2-4 for each Re and various Ri and Φ. First of all, remember that, except in the end sides, R possibly the type of nanoparticles, even if the present study is limited to Cu-water nanofluid, with the thermophysical properties of Cu and water given in Table 2 [22] . The effects of these parameters on the flow and thermal fields and the resulting heat transfer will be now discussed.
Flow and Thermal Patterns
Typical con tion. On the other hand, as can be se corresponding to Re = 0.1, the shear effect due to moving top wall is domin all (=1), relatively small (= ant for Ri sm 10) and moderate (=10²), since the flow is unicellular and counterclockwise with streamlines crowded near this boundary causing the lost of their own symmetry with respect to the horizontal mid-plane and this, whatever the value of Φ. In contrast, for relatively high Ri (=10³), a clockwise cell, whose size reduces with an increasing Φ, is generated by buoyancy effect in the lower part of the cavity, i.e. under that due to lid-driven effect. The influence of Φ can be explained by the fact that an increase of this parameter leads to an increase of the effective viscosity, which, in its turn, tends to decelerate the buoyancy flow and accelerate the shear one. In fact, the viscosity is a manifestation of surface phenomena and therefore can only favour the shear flow. As for the isotherms, they remain almost vertical synonymous of pseudo-conduction regime (i.e. low convection regime, Re = 0.1). An increase of Re to 1 (Figure 3) anticipates the buoyancy flow, since the related cell takes place at Ri = 10², with a decreasing size with Φ like before (i.e. Re = 0.1). However, such a cell tends to be large when passing to Ri = 10³, which is normal if one refer to Equation (22) . In such a situation, the isotherms, which are tilted, with respect to y-axis, in the counterclockwise direction (i.e. that of the shear flow), gradually change direction of tilting as the buoyancy flow takes importance (i.e. while increasing Ri). But, with the presence of nanoparticles (i.e. with increasing Φ), such a change seems to occur slowly, depending on Ri. Finally, for Re = 10 (Figure 4) , two small clockwise eddies develop in the bottom left and right corners of the enclosure, for Ri = 10 (Figure 4(2a) ), as a result of buoyancy driven effect, although these structures may disappear wile introducing nanoparticles in the base fluid. As before, a progressive increase of Ri to 10² (Figure 4(3) ) makes stronger buoyancy effect and the two tiny eddies, observed previously, join each other and grow to give rise to a large buoyancy cell, whose size reduces slightly with Φ, for the reasons given above. A further increase of Ri to 10³ (Figure 4(4) ) makes bigger enough buoyancy cell so that the effect of Φ, on this, cannot be detected, which is obvious since, according to Equation (22) , inertia effects due to gravity prevail over those associated with top moving wall. At the same time, the isotherms appear to be nearly tilted in the direction of the strongest flow (shear flow for Ri = 1 and 10, and buoyancy flow for Ri = 10³). Between the two case, i.e. for Ri = 10², both the tendencies exist and the shape of the isotherms is strongly distorted. Here also, it is easy to see that an increase of Φ does not affect strongly the shape of isotherms.
In addition to that, the similarity notion is not respected in the present problem since a change of Re may cause big changes in flow and thermal fields for given Ri 
5.
Se those discussed in subincrease and natu here Φ re ost without influence due to mixing effects e extremum) corresp from the left hot side and cools the top (y = 1) after pass-
Stream Function and Temperature Distributions along the Vertical Central ction
Although the results (Figures 5-7 ) of subsection 5.2 are related to the core region, where the parallel flow concept is valid, they confirm mostly section 5.1 and demonstrate that, in general, an of Φ amplifies and reduces the strengths of forced ral flows, respectively, except in some cases w mains alm that occur at Re = 10 ( Figure 7) .
The presence of a maximum in the stream function profile indicates that the flow is unicellular counterclockwise, driven mainly by the moving top wall. When this profile presents, simultaneously, two extrema, maximum and minimum, this means that both the shear and buoyancy driven flows coexist and the flow regime is bicellular. The maximum (positiv onds to shear flow, which is counterclockwise, and the minimum (negative extremum) is related to buoyancy flow that is clockwise.
Generally, the temperature profile presents two or three zones with positive and negative signs, namely (+,−), (−,+,−) and (−,+), depending on the flow nature and the competition between lid and buoyancy driven effects. Thus, with a dominant lid-driven effect, the shear flow warms the bottom (y = 0) by transporting the heat ing near the right cold side. This is the case of a temperature profile of signs (+,−). With competing shear and buoyancy flows, the temperature sign is such that the corresponding counterclockwise and clockwise cells act so that the interface between them is warm, the bottom is cold and the top is warm (−,+) or cold (−,+,−) depending on whether shear or buoyancy effect is dominant, and on Φ.
Flow Intensity and Heat Transfer Rate
For further analysis of the problem, the flow intensity mentation of the strength of the buoyancy flow which reduces with Φ. It can be seen, also, that an increase of Re leads, first, to an increase of c  and, second, to a decrease of this quantity (compare Figures 8-10 , obtained for Re = 0.1, 1 and 10, respectively). This is due, probably, to a change of the dominant role from one regime to another. With regard to Nu , a slight increase of this quantity, with Ri, is observed for Φ = 0, but such a tendency disappears, as Φ increases, leading to a constant . This behaviour is the consequence of an increase of the effecte moion is of Nu ive viscosity with Φ, which acts to slow down th tion, particularly, for Re = 0.1 where mixed convect weak (Figure 8) . Moreover, for Re = 1 and 10, two trends evolution appear for Nu , as fo over a large range of Ri, is associated with a prevailing buoyancy-driven flow. Last, Figures 8-10 show also the quite obvious increase of Nu with Re, conveying the favorable role of the lid-driven flow to heat transfer. In order to examine the influence of Φ on flow intensity and heat transfer rate, the quantities c  (top) and a diminution with this parameter, at least for the selected values of Ri. It is clear fluids lead to contradictory conclusions, depending on uall ven flo happens, which is paradoxical when nanofl ds are expected to improve heat transfer. This can be related, esnductivity and v that the results related to heat transfer in nansentially, to the conflict between effective co o the flow nature, thus leaving still unanswered the question if the use of nanoparticle suspensions for mixed convection applications is act y advantageous with respect to pure liquids. In fact, with dominant lid-dri w, heat transfer enhances with nanoparticles, whereas with dominant buoyancy-driven flow the opposite effect iscosity with the complicity of the cavity aspect ratio, which is large and favours the effect of viscosity and disfavours that of conductivity.
Onset of the Bicellular Flow
In Figure 14 is depicted the evolution of sponding to the onset of buoyancy-driven flow, which gives rise to bicellular flow, versus Re, for various values of Φ. As can be seen, decreases and increases on both sides alue, , of Re suc , depending on flow tends s precocious, so the presence of nanoparticles delays the onset of buoyancy-driven flow and then opposes to the corresponding effect, confirming the deterioration observed, efore, for 
Conclusions
In this paper, a numerical and analytical study on mixed convection in a two-dimensional horizontal shallow enclosure, of aspect ratio , filled with a nanofluid, has been conducted in the case where both short vertical sides are submitted to uniform heat fluxes while the long horizontal ones are assumed adiabatic, with the top one uniformly moving in the opposite direction to heat flux.
The full partial differential equations, governing the problem, ha olume method. Richardson number, measuring the relative importance of both lid and buoyancy-driven effects.  Increasing the Richardson number is, in general, associated with decreasing of heat transfer rate due to shear flow and increasing of that due to buoyancydriven flow.  The addition of Cu-nanoparticles into the pure water leads to an enhancement of lid-driven convection heat transfer.  Against all odds, the addition of Cu-nanoparticles into the pure water results in a degradation of buoyancydriven convection heat transfer. Therefore, although prospects of nanofluids are very promising, there is still a dearth of enough research in this area.  The onset of buoyancy-driven flow, giving rise to bicellular flow, depends strongly on the Reynolds number and nanoparticles volume fraction.
